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Abstract

We extend the geometric subsystem quantisation programme to config-
urations with simultaneously excited translational and internal degrees of
freedom. Using a four-parameter moving wobbling kink ansatz in the dou-
ble sine–Gordon model, we embed a comoving oscillating mode into the field
phase space and compute the exact pullback of the canonical symplectic form
Ω =

∫
(δπ∧δϕ) dx without any approximation. The resulting 4×4 symplectic

matrix contains the expected free translational block, the free internal oscilla-
tor block (with the correct relativistic factor 1/γ), and off-diagonal coupling
terms that mix the two sectors at orders O(v), O(A) and O(vA). All co-
efficients are expressed through overlap integrals of the kink profile and the
shape mode. The work supplies the rigorous classical geometric data required
for a future quantisation of the fully coupled translational–internal dynamics
within the effective ansatz framework.

Status and scope

� Symplectic pullback: exact on the chosen ansatz (1). No approx-
imation is made in the computation of the symplectic form on this
finite-dimensional parameter space. The final expressions are given in
closed form and are algebraically exact.

� Ansatz: the Cauchy data describe a kink with a shape mode oscillat-
ing comovingly ; they do not represent a full Lorentz-boosted wobbling
kink. The convective term is required for consistency of the comoving
description.

� Shape mode: approximate, derived from the two-subkink model; it is
not an exact eigenfunction of the linearised DSG operator around the
kink.

� Quantisation: not performed here. The paper supplies the classical
data for a future quantisation of the coupled translational-internal dy-
namics.
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1 Introduction

The geometric subsystem quantisation programme [1, 2, 3, 4, 5, 6, 7] has provided
rigorous quantum theories for the translational degrees of freedom of kinks and
for the internal degrees of freedom of breathers and wobbling kinks. In every case
treated so far, the translational and internal modes were quantised separately : the
single-kink paper [7] treated only the translational mode, and the wobbling-kink
paper [8] treated only the internal shape mode around the static kink.

In a real physical process — for instance, the excitation of a shape mode during
kink–antikink scattering — both the centre-of-mass motion and the internal oscil-
lation are present simultaneously. The symplectic form on the combined moduli
space will then contain off-diagonal terms that couple the two sectors. Quantising
such a system requires either diagonalising the symplectic form or incorporating the
coupling into the quantum Hamiltonian.

In this paper we take the first step: we embed a moving, internally oscillating
kink into the field phase space and compute the exact pullback of the canonical
symplectic form Ω. The ansatz is a comoving description: the shape mode oscillates
coherently in the rest frame of the kink, and the whole profile is translated with
velocity v without the full relativistic phase relations. This ansatz is physically
well-motivated and captures the essential coupling, but it is not an exact solution
of the nonlinear equation. The result is a closed two-form on a four-dimensional
parameter space (a, v, A, δ). The diagonal blocks reproduce the free translational
form dP∧da (with P = Mγv) and the internal form ωbI

γ
AdA∧dδ (with I =

∫
χ2 dz).

The off-diagonal blocks are new and represent the coupling between translation and
internal oscillation. The full 4× 4 matrix is derived exactly and expressed in terms
of a few overlap integrals.

The paper is organised as follows. Section 2 defines the comoving wobbling kink
ansatz. Section 3 computes the tangent vectors. Section 4 performs the exact pull-
back of the symplectic form, culminating in Theorem 4.2. Section 5 analyses the
coupling terms and their physical interpretation. Section 6 discusses the geometric
structure and remarks on perturbative decoupling. Section 7 summarises and out-
lines future quantisation steps. The detailed algebraic derivations are collected in
Appendix A.

2 Moving wobbling kink ansatz

We consider the double sine–Gordon (DSG) equation φtt − φxx + V ′(φ) = 0 with
potential V (φ) = 1 − cosφ + κ

2
(1 − cos 2φ), κ > 0. The static kink profile f0(x)

connects 0 to 2π. An approximate shape mode function χ(x), derived from the
two-subkink model [8], is smooth, exponentially localised, and orthogonal to the
translational zero mode f ′

0: ∫
R
χ(x) f ′

0(x) dx = 0.

The four real parameters describing a simultaneously moving and internally
oscillating kink are: the centre position a, the velocity v, the wobbling amplitude
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A, and the wobbling phase δ. We employ a comoving ansatz, where the internal
oscillation takes place in the instantaneous rest frame of the kink and the whole
configuration is translated with velocity v. This is not a true Lorentz boost of a
wobbling kink (which would introduce a position-dependent phase), but it captures
the essential coupling and is sufficient for the symplectic pullback. The Cauchy
data at t = 0 are

ϕa,v,A,δ(x) = f0(γ(x− a)) + Aχ(γ(x− a)) cos δ,

πa,v,A,δ(x) = −γv f ′
0(γ(x− a))− ωbAχ(γ(x− a)) sin δ − γvAχ′(γ(x− a)) cos δ,

(1)
where γ = 1/

√
1− v2 and ωb is the wobbling frequency (obtained from the two-subkink

effective potential). The translational and internal degrees of freedom share the
same Lorentz factor γ, ensuring that the internal oscillation is localised around the
moving kink centre. The term −γvAχ′ cos δ is the convective derivative required
by the comoving description. For A = 0 the ansatz reduces to the exact boosted
kink. For v = 0 it reduces to the static wobbling kink of [8]. The configuration has
finite energy and belongs to the affine Sobolev space A = (φ− + H1(R)) × L2(R)
with φ− = 0, φ+ = 2π.

The parameter space is

Mc = R× (−1, 1)× (0,∞)× S1, (a, v, A, δ),

and the immersion is

Ψc : Mc −→ A, (a, v, A, δ) 7→ (ϕ, π).

Remark 2.1. The ansatz (1) is not an exact solution of the nonlinear DSG equa-
tion. It is a point in the full phase space, not in the solution manifold. The pullback
of Ω is therefore defined on the full phase space and provides the exact restriction
of the canonical symplectic structure to this physically motivated finite-dimensional
submanifold.

3 Tangent vectors

Set z = γ(x−a). The derivatives of the Cauchy data with respect to the parameters
are computed using

∂az = −γ, ∂vz = γ2v z, ∂vγ = γ3v, ∂v(γv) = γ3.

5



∂aϕ = −γf ′
0(z)− γAχ′(z) cos δ, (2)

∂aπ = γ2v f ′′
0 (z) + γ ωbA sin δ χ′(z) + γ2vA cos δ χ′′(z), (3)

∂vϕ = γ2v z f ′
0(z) + γ2vA z cos δ χ′(z), (4)

∂vπ = −γ3f ′
0(z)− γ3v2z f ′′

0 (z)− γ2v ωbAz sin δ χ′(z)− γ3A cos δ χ′(z)

− γ3v2Az cos δ χ′′(z), (5)

∂Aϕ = χ(z) cos δ, (6)

∂Aπ = −ωb χ(z) sin δ − γv χ′(z) cos δ, (7)

∂δϕ = −Aχ(z) sin δ, (8)

∂δπ = −ωbAχ(z) cos δ + γvAχ′(z) sin δ. (9)

All vector fields belong toH1(R)×L2(R) because f ′
0, f

′′
0 , χ, χ

′ decay exponentially
and multiplication by z is harmless against the exponential decay.

4 Exact pullback of the symplectic form

The canonical symplectic form on A is

Ω
(
(ϕ1, π1), (ϕ2, π2)

)
=

∫
R

(
π1ϕ2 − π2ϕ1

)
dx.

The pullback ωc = Ψ∗
cΩ is the closed two-form on Mc whose coefficients are

(ωc)ij =

∫
R

(
∂qiπ ∂qjϕ− ∂qjπ ∂qiϕ

)
dx, q = (a, v, A, δ).

To present the result compactly we introduce the following dimensionless overlap
integrals (all taken with respect to the boosted variable z):

M :=

∫
R

(
f ′
0(z)

)2
dz, (mass)

I :=

∫
R
χ(z)2 dz, Iχ′ :=

∫
R

(
χ′(z)

)2
dz, (10)

K1 :=

∫
R
f ′′
0 (z)χ(z) dz, (11)

L1 :=

∫
R
z f ′′

0 (z)χ(z) dz, L2 :=

∫
R
z f ′

0(z)χ(z) dz, L3 :=

∫
R
z
(
χ′(z)

)2
dz.

(12)

Remark 4.1. Note that I and Iχ′ are different integrals; the former involves χ2,
the latter (χ′)2. Both are finite because χ and its derivative decay exponentially.

All these integrals are finite because the integrands decay exponentially.
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4.1 Computation of the matrix elements

We use the abbreviations s = sin δ, c = cos δ. The change of variable x → z gives
dx = dz/γ; therefore every x-integral of a function F (z) equals (1/γ)

∫
F (z) dz.

This factor is consistently accounted for in all terms.

Translational block ωc(∂a, ∂v)

Multiplying the tangent vectors (2)–(5) and keeping all terms one finds after can-
cellations

ωav =

∫
R

[
−γ4(f ′

0)
2 − 2γ4A cos δ f ′

0χ
′ − γ4A2 cos2 δ (χ′)2

]
dx.

Integration by parts converts f ′
0χ

′ to −f ′′
0χ, yielding

ωav = −γ3M + 2γ3A cos δ K1 − γ3A2 cos2 δ Iχ′ . (13)

Internal block ωc(∂A, ∂δ)

Using (6)–(9) one obtains

ωAδ =

∫
R

(
∂Aπ ∂δϕ− ∂δπ ∂Aϕ

)
dx = ωbA

∫
R
χ(z)2 dx.

With dx = dz/γ this gives

ωAδ =
ωbI

γ
A. (14)

The factor 1/γ is essential and was omitted in an earlier draft; its presence is a
direct consequence of the definition of I as a z-integral.

Coupling ωc(∂a, ∂A)

From (2)–(7),

ωaA =

∫
R

[
γ2v cos δ f ′′

0χ− γ2v cos δ f ′
0χ

′
]
dx

+

∫
R

[
−γ2vA cos2 δ (χ′)2 − γ2vA cos2 δ χ′′χ

]
dx.

Integration by parts on f ′
0χ

′ and χ′′χ gives

ωaA = 2γv cos δ K1 − 2γvA cos2 δ Iχ′ . (15)

Coupling ωc(∂a, ∂δ)

Similarly,
ωaδ = −2γvA sin δ K1 + 2γvA2 sin δ cos δ Iχ′ .

ωaδ = −2γvA sin δ K1 + 2γvA2 sin δ cos δ Iχ′ . (16)
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Coupling ωc(∂v, ∂A)

A detailed computation (see Appendix A) yields

ωvA = ωbγv sin δ L2 − 2γ2v2 cos δ L1 + 2γ2v2A cos2 δ L3. (17)

Coupling ωc(∂v, ∂δ)

Similarly (see Appendix A),

ωvδ = ωbγvA cos δ L2 + 2γ2v2A sin δ L1

− 1

2
γvωbA

2I − 2γ2v2A2 sin δ cos δ L3.
(18)

4.2 Full symplectic matrix

Collecting the coefficients, we state the main result.

Theorem 4.2 (Exact pulled-back symplectic form). In the ordered basis q =
(a, v, A, δ) the symplectic matrix ωc has the non-zero entries

ω12 = −γ3M + 2γ3A cos δ K1 − γ3A2 cos2 δ Iχ′ ,

ω13 = 2γv cos δ K1 − 2γvA cos2 δ Iχ′ ,

ω14 = −2γvA sin δ K1 + 2γvA2 sin δ cos δ Iχ′ ,

ω23 = ωbγv sin δ L2 − 2γ2v2 cos δ L1 + 2γ2v2A cos2 δ L3,

ω24 = ωbγvA cos δ L2 + 2γ2v2A sin δ L1 −
1

2
γvωbA

2I − 2γ2v2A2 sin δ cos δ L3,

ω34 =
ωbI

γ
A,

with the remaining entries determined by antisymmetry ωji = −ωij. All terms are
exact on the ansatz submanifold; no expansion in v or A has been used. The form
is non-degenerate for all v ∈ (−1, 1), A > 0, and δ ∈ S1, provided M > 0, I > 0,
and the off-diagonal contributions do not accidentally make the matrix singular
(which is excluded by continuity from the v, A → 0 limit where the determinant is
M2(ωbIA/γ)

2 > 0).

Proof. The full step-by-step algebraic verification is given in Appendix A. The com-
putations are elementary but lengthy; every term has been checked.

5 Analysis of the coupling terms

Several features of the coupling are immediate:

� Static limit v = 0: γ = 1, ω13, ω14, ω23, ω24 vanish, so the symplectic form be-
comes block-diagonal, recovering the result of [8]. The internal block reduces
to ω34 = ωbIA, and the translational block becomes ω12 = −M+2A cos δ K1−
A2 cos2 δ Iχ′ .
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� Zero amplitude A = 0: The coupling ω13 becomes 2γv cos δ K1 and ω23

becomes ωbγv sin δ L2 − 2γ2v2 cos δ L1. Thus translation and an infinitesimal
internal excitation are already coupled at the kinematical level.

� Small-amplitude non-relativistic regime: For v ≪ 1, A ≪ 1, γ ≈ 1, the
off-diagonal blocks are of order v, vA, or v2A, i.e. doubly suppressed. The
diagonal blocks become ω12 ≈ −M and ω34 ≈ ωbIA, which are the canonical
forms for a free particle and a harmonic oscillator.

The constant K1 =
∫
f ′′
0χdz measures the overlap between the kink curvature

and the approximate shape mode. For an exact shape mode of the linearised DSG
equation this integral would vanish; here it is non-zero but small for κ ≪ 1. The
constants L1, L2, L3 likewise quantify additional overlap effects.

6 Discussion: perturbative decoupling

In the non-relativistic small-amplitude regime the off-diagonal terms are small
and one may ask whether the symplectic form can be brought to the canonical
free-particle + harmonic-oscillator form by a near-identity Darboux transforma-
tion. Classical Darboux theory guarantees the existence of such a transformation
locally, and a standard Lie-transform or homotopy method yields the new coordi-
nates order by order in the small parameters. However, the explicit construction
is lengthy and the resulting expressions are not needed for the geometric data that
are the main subject of this paper. Moreover, the exact symplectic matrix we have
derived already contains all the information required for a future quantisation: the
coupled system can be quantised directly in the (a, v, A, δ) coordinates using the
Dirac or Faddeev–Jackiw method, or by first performing a global Darboux trans-
formation numerically if necessary. Therefore we do not pursue the perturbative
decoupling here; the interested reader may find the necessary steps in standard
textbooks on symplectic geometry.

7 Conclusion and outlook

We have computed the exact pullback of the canonical symplectic form to the
four-dimensional moduli space of a simultaneously moving and internally oscillat-
ing double sine–Gordon kink. The ansatz uses a comoving description with the
convective term required for consistency. The resulting symplectic matrix contains
the diagonal translational and internal blocks as well as all off-diagonal coupling
terms, expressed in closed form through a small number of overlap integrals. The
internal block receives the correct relativistic factor 1/γ, which is essential for ex-
actness.

The present work extends the geometric subsystem programme to coupled col-
lective coordinates for the first time, with a properly comoving internal mode.
The same method applies to any soliton possessing both translational and internal
modes. Future work will carry out the full quantisation of the coupled system and
compare the resulting spectrum with known results from meson–soliton scattering.
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A Detailed computation of the symplectic coeffi-

cients

We provide the full step-by-step derivation of the symplectic matrix elements.
Throughout we use the rescaled variable z = γ(x − a), dx = dz/γ, and the ab-
breviations s = sin δ, c = cos δ. All integrals are over R.

Preliminary identities

Integration by parts on the rapidly decaying functions gives∫
f ′
0(z)χ

′(z) dz = −
∫

f ′′
0 (z)χ(z) dz = −K1,∫

χ′′(z)χ(z) dz = −
∫
(χ′(z))2 dz = −Iχ′ ,∫

zχ(z)χ′(z) dz = −1

2
I,

∫
zχ(z)χ′′(z) dz = −L3,

∫
zf ′

0(z)χ
′(z) dz = −L1.

Matrix element ω12 = ωav

From the tangent vectors:

ωav =

∫
dx

[
∂aπ ∂vϕ− ∂vπ ∂aϕ

]
=

∫
dz

γ

[(
γ2vf ′′

0 + γωbAsχ
′ + γ2vAcχ′′)(γ2vzf ′

0 + γ2vAzcχ′)
−

(
− γ3f ′

0 − γ3v2zf ′′
0 − γ2vωbAzsχ

′ − γ3Acχ′ − γ3v2Azcχ′′)(− γf ′
0 − γAcχ′)].

Expanding and using f ′′
0 f

′
0 =

1
2
∂z(f

′
0)

2 (which integrates to zero) and the identities
above, most terms cancel. The surviving terms are

−γ3

∫
(f ′

0)
2 dz − 2γ3Ac

∫
f ′
0χ

′ dz − γ3A2c2
∫

(χ′)2 dz,

where the 1/γ from dx has been combined with the γ4 etc. to give the powers
shown. With

∫
f ′
0χ

′ dz = −K1, we obtain ωav = −γ3M + 2γ3AcK1 − γ3A2c2Iχ′ .

Matrix element ω34 = ωAδ

ωAδ =

∫
dx

(
∂Aπ ∂δϕ−∂δπ ∂Aϕ

)
=

∫
dx

[
(−ωbχs−γvχ′c)(−Aχs)−(−ωbAχc+γvAχ′s)(χc)

]
.

Simplifying,

= ωbA

∫
χ2 dx (s2 + c2) + terms with χχ′ that cancel.

Hence ωAδ = ωbA
∫
χ2(z) dz

γ
= ωbI

γ
A.

11



Matrix element ω13 = ωaA

ωaA =

∫
dx

[
∂aπ ∂Aϕ− ∂Aπ ∂aϕ

]
=

∫
dz

γ

[(
γ2vf ′′

0 + γωbAsχ
′ + γ2vAcχ′′)(χc)

−
(
− ωbχs− γvχ′c

)
(−γf ′

0 − γAcχ′)
]
.

The terms involving f ′′
0χ and f ′

0χ
′ give γvc

∫
f ′′
0χdz−γvc

∫
f ′
0χ

′ dz = 2γvcK1 (after
integration by parts). The remaining terms are proportional to Ac2 and involve
(χ′)2 and χ′′χ; together they yield −2γvAc2Iχ′ . Thus ωaA = 2γvcK1 − 2γvAc2Iχ′ .

Matrix element ω14 = ωaδ

ωaδ =

∫
dx

(
∂aπ ∂δϕ− ∂δπ ∂aϕ

)
=

∫
dz

γ

[(
γ2vf ′′

0 + γωbAsχ
′ + γ2vAcχ′′)(−Aχs)

−
(
− ωbAχc+ γvAχ′s

)
(−γf ′

0 − γAcχ′)
]
.

The leading term gives −γvAs
∫
f ′′
0χdz and from the f ′

0 part +γvAs
∫
f ′
0χ

′ dz =
−γvAsK1, so total −2γvAsK1. The A2 corrections produce +2γvA2scIχ′ . Thus
ωaδ = −2γvAsK1 + 2γvA2scIχ′ .

Matrix element ω23 = ωvA

We compute directly using the x-integral and then change variable.

ωvA =

∫ ∞

−∞
dx

(
∂vπ(x) ∂Aϕ(x)− ∂Aπ(x) ∂vϕ(x)

)
.

Insert the expressions from Section 3:

∂vπ = −γ3f ′
0(z)− γ3v2zf ′′

0 (z)− γ2vωbAzsχ
′(z)

− γ3Acχ′(z)− γ3v2Azcχ′′(z),

∂Aϕ = χ(z)c,

∂Aπ = −ωbχ(z)s− γvχ′(z)c,

∂vϕ = γ2vzf ′
0(z) + γ2vAzcχ′(z).

Now substitute dx = dz/γ:

ωvA =

∫
dz

γ

[(
−γ3f ′

0−γ3v2zf ′′
0−γ2vωbAzsχ

′−γ3Acχ′−γ3v2Azcχ′′)(χc)−(
−ωbχs−γvχ′c

)(
γ2vzf ′

0+γ2vAzcχ′)].
Expand the product. Collect terms independent of A and those proportional to

A.
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Part independent of A:

I0 =
(
− γ3f ′

0 − γ3v2zf ′′
0

)
(χc)−

(
− ωbχs− γvχ′c

)
(γ2vzf ′

0)

= −γ3cf ′
0χ− γ3v2czf ′′

0χ+ ωbγ
2vszf ′

0χ+ γ3v2czf ′
0χ

′.

The last term comes from −(−γvχ′c)(γ2vzf ′
0) = +γ3v2czf ′

0χ
′. Using

∫
f ′
0χ = 0 and∫

zf ′
0χ

′ = −L1 (from the preliminary identities), we evaluate the integrals:∫
I0 dz = −γ3c · 0− γ3v2cL1 + ωbγ

2vsL2 + γ3v2c(−L1) = ωbγ
2vsL2 − 2γ3v2cL1.

Thus ∫
dz

γ
I0 = ωbγvsL2 − 2γ2v2cL1.

Part proportional to A (and higher):

IA =
(
− γ2vωbAzsχ

′ − γ3Acχ′ − γ3v2Azcχ′′)(χc)
−

(
− ωbχs− γvχ′c

)
(γ2vAzcχ′).

Expanding:
IA = −γ2vωbAsczχ

′χ− γ3Ac2χ′χ− γ3v2Ac2zχ′′χ

+ ωbγ
2vAsczχχ′ + γ3v2Ac2z(χ′)2.

The first and fourth terms cancel. The second term
∫
χ′χdz = 0. The remaining

two terms give

−γ3v2Ac2
∫

zχ′′χdz + γ3v2Ac2
∫

z(χ′)2dz.

With
∫
zχ′′χdz = −L3 and

∫
z(χ′)2dz = L3, this becomes −γ3v2Ac2(−L3) +

γ3v2Ac2L3 = 2γ3v2Ac2L3. Therefore∫
dz

γ
IA = 2γ2v2Ac2L3.

Summing the A-independent and A-dependent parts yields

ωvA = ωbγvsL2 − 2γ2v2cL1 + 2γ2v2Ac2L3,

which is exactly the expression in the theorem.

Matrix element ω24 = ωvδ

We compute

ωvδ =

∫
dx

(
∂vπ ∂δϕ− ∂δπ ∂vϕ

)
.

Using the same tangent vectors:

∂δϕ = −Aχs, ∂δπ = −ωbAχc+ γvAχ′s.
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Thus

ωvδ =

∫
dz

γ

[(
−γ3f ′

0−γ3v2zf ′′
0−γ2vωbAzsχ

′−γ3Acχ′−γ3v2Azcχ′′)(−Aχs)−
(
−ωbAχc+γvAχ′s

)(
γ2vzf ′

0+γ2vAzcχ′)].
Multiply out and collect contributions. After expanding and using the identities∫
f ′
0χ = 0,

∫
zf ′

0χ = L2,
∫
zf ′′

0χ = L1,
∫
zχχ′ = −I/2, and

∫
zχ′′χ = −L3,∫

z(χ′)2 = L3, we obtain the following non-vanishing terms:

� From the first bracket times (−Aχs):

As
(
γ3

∫
f ′
0χdz+γ3v2

∫
zf ′′

0χdz+γ2vωbAs

∫
zχ′χdz+γ3Ac

∫
χ′χdz+γ3v2Ac

∫
zχ′′χdz

)
.

This yields γ3v2AsL1 + γ2vωbA
2s2(−1

2
I) + γ3v2A2cs(−L3).

� From the second bracket (with the minus sign):

−
(
−ωbAχc+γvAχ′s

)(
γ2vzf ′

0+γ2vAzcχ′) = ωbAc
(
γ2vzf ′

0+γ2vAzcχ′)−γvAχ′s
(
γ2vzf ′

0+γ2vAzcχ′).
Its integrals produce:

ωbγ
2vAcL2 + ωbγ

2vA2c2(−1
2
I)− γ3v2As

∫
zf ′

0χ
′ dz − γ3v2A2sc

∫
z(χ′)2dz.

Using
∫
zf ′

0χ
′ = −L1 and

∫
z(χ′)2 = L3, this becomes

ωbγ
2vAcL2 − 1

2
ωbγ

2vA2c2I + γ3v2AsL1 − γ3v2A2scL3.

Now sum all contributions, remembering to multiply by dx = dz/γ (i.e., divide by
γ). The total is:

ωvδ =
1

γ

[
γ3v2AsL1−1

2
γ2vωbA

2s2I−γ3v2A2scL3+ωbγ
2vAcL2−1

2
ωbγ

2vA2c2I+γ3v2AsL1−γ3v2A2scL3

]
.

Simplify:
ωvδ = ωbγvAcL2 + 2γ2v2AsL1

− 1
2
γvωbA

2(s2 + c2)I − 2γ2v2A2scL3.

Since s2 + c2 = 1, we obtain exactly

ωvδ = ωbγvAcL2 + 2γ2v2AsL1 − 1
2
γvωbA

2I − 2γ2v2A2scL3,

which matches the theorem.
This completes the rigorous derivation of all symplectic matrix elements.
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